Abstract. This paper is mainly devoted to a structure study of Hom-alternative algebras . Equivalent conditions for Hom-alternative algebras being solvable, simple and semi-simple are displayed.
All vector spaces are assumed to be over a fixed ground field K of characteristic 0.
Preliminaries
We recall some basic notions, introduced in [6] , [15] , [22] related to Hom-algebras and while dealing of any binary operation we will use juxtaposition in order to reduce the number of braces i.e., e.g., for " · ", xy · α(z) means (x · y) · α(z). Also for the map µ : A ⊗2 −→ A, we will write sometimes µ(a ⊗ b) as µ(a, b) or ab for a, b ∈ A. In this paper, we will only consider multiplicative Hom-algebras.
Definition 2.3. Let (A, µ, α) be a Hom-algebra. (1) The Hom-associator of A is the linear map as
A multiplicative Hom-algebra (A, µ, α) is said to be Hom-associative algebra if as A = 0 (2) A Hom-alternative algebra [14] is a multiplicative Hom-algebra (A, µ, α) that satisfies both as A (x, x, y) = 0 (left Hom-alternativity) and (1) as A (x, y, y) = 0 (right Hom-alternativity) (2) for all x, y ∈ A. (3) Let (A, µ, α) be a Hom-alternative algebra. A Hom-subalgebra of (A, µ, α) is a linear subspace H of A, which is closed for the multiplication µ and invariant by α, that is, µ(x, y) ∈ H and α(x) ∈ H for all x, y ∈ H. If furthermore µ(a, b) ∈ H and µ(b, a) ∈ H for all (a, b) ∈ A × H, then H is called a two-sided Hom-ideal of A.
Example 2.4. The octonions algebra O also called Cayley Octaves or Cayley algebra is 8-dimensional
with a basis (e 0 , e 1 , e 2 , e 3 , e 4 , e 5 , e 6 , e 7 ) , where e 0 is the identity for the multiplication. This algebra is twisted into the eight-dimensional Hom-alternative algebra O α = (O, µ 1 , α) [24] with the same basis (e 0 , e 1 , e 2 , e 3 , e 4 , e 5 , e 6 , e 7 ) where α(e 0 ) = e 0 , α(e 1 ) = e 5 , α(e 2 ) = e 6 , α(e 3 ) = e 7 , α(e 4 ) = e 1 , α(e 5 ) = e 2 , α(e 6 ) = e 3 , α(e 7 ) = e 4 and the multiplication Similarly as in [14] , it easy to prove the following:
Proposition 2.5. Let (A, µ, α) be a Hom-alternative algebra and β : A −→ A be a morphism of
is an alternative algebra and β is a morphism of (A, µ), then (A, β • µ, β is a Hom-alternative algebra [14] .
Definition 2.6. Let (A, µ, α) be a Hom-alternative algebra. If there is an alternative algebra (A, µ ′ ) such that µ = α•µ ′ , we say that (A, µ, α) is of alternative type and (A, µ ′ ) is its compatible alternative algebra or the untwist of (A, µ, α).
It is remarked [14] that a Hom-alternative algebra with an invertible twisting map has the compatible alternative algebra. More precisely, we get: Corollary 2.7. Let (A, µ, α) be a Hom-alternative algebra where α is invertible then (A, µ ′ = α −1 •µ) is an alternative algebra and α is an automorphism with respect to µ ′ . Hence (A, µ, α) is of alternative type and (A, µ ′ = α −1 • µ) is its compatible alternative algebra.
Proof. Let denote by as the associator of (A,
Similarly, we get as(x, y, y) = 0. Moreover, α is an automorphism with respect to µ ′ . Indeed, 
is an algebra morphism.
It is easy to show that to check that (A 2 , µ ′ 2 ) is an alternative algebra. Furthermore
. Let denote by as 1 and as 2 the associators of (A 1 , µ 1 ) and (A 2 , µ ′ 2 ) respectively. Then
Similarly, we prove that as 2 (u, v, v) = 0. Hence (A, µ ′ 2 ) is an alternative algebra.
The following characterization was given for Hom-Lie algebra [19] and Hom-associative algebra [25] . 
and the linear map
Proof. First, (α + β) is multiplicative with respect to µ A⊕B . Indeed,
Secondly we prove the left Hom-alternativity (1) for A ⊕ B as follows
Similarly, we prove the right Hom-alternativity (2) for A ⊕ B. Hence (A ⊕ B, µ A⊕B , α + β) is a Hom-alternative algebra. 
Thus the graph Γ ϕ is closed under the multiplication µ A⊕B . Furthermore since
which is equivalent to the condition β •φ(u) = φ•α(u), i.e. β •ϕ = ϕ•α. Therefore, ϕ is a morphism of Hom-alternative algebras.
Simple and solvable Hom-alternative algebras
In this section, se study simple and solvable Hom-alternative algebras. This study is inspired by the study given in [21] and [25] .
Definition 3.1. Let (A, µ, α) be a Hom-alternative algebra. Define its derived sequences as follow:
The following elementary result will be very useful.
To prove that A (k) is a two-sided Hom-ideal of (A, µ, α) for every k ∈ N, by the inclusion condition, it suffices to prove the case n = 1. If note that A (1) ⊆ A, we have first
and next
Thus A (1) is a two-sided Hom-ideal of (A, µ, α).
We get the following example of solvable and non solvable Hom-alternative algebras respectively.
Example 3.4.
(1) Consider the 3-dimensional Hom-alternative algebra (A, µ, α) with basis (e 1 , e 2 , e 3 ) where µ(e 2 , e 2 ) = e 1 , µ(e 2 , e 3 ) = e 1 , µ(e 3 , e 2 ) = e 1 , µ(e 3 , e 3 ) = e 1 , µ(e 3 , e 2 ) = e 1 and α(e 1 ) = e 1 , α(e 2 ) = e 1 + e 2 , α(e 3 ) = e 3 . Actually, (A, µ, α) is a Hom-associative algebra ( see [25] , Theorem 3.6, Hom-algebra A 3 7 ). Then A (1) is an one-dimensional Hom-alternative algebra generated by (e 1 ) defined as follows: µ(e 1 , e 1 ) = 0 and α(e 1 ) = e 1 . It follows that A (2) = {0} and therefore (A, µ, α) is solvable. 
Let give the following example of non simple Hom-alternative algebra.
Example 3.6. Consider the three-dimensional Hom-alternative algebra (A, µ, α) over K with basis (e 1 , e 2 , e 3 ) defined by µ(e 1 , e 1 ) = e 1 , µ(e 2 , e 2 ) = e 2 , µ(e 3 , e 3 ) = e 1 , µ(e 1 , e 3 ) = µ(e 3 , e 1 ) = −e 3 and α(e 1 ) = e 1 , α(e 3 ) = −e 3 . Actually, (A, µ, α) is a Hom-associative algebra ( see [25] , Theorem 3.12, Hom-algebra A ′ 3
3 ). Consider the subspace I = span(e 1 , e 3 ) of A. Then one can observe that (I, µ, α) is a proper two-sided Hom-ideal of (A, µ, α). Hence the Hom-alternative (A, µ, α) is not simple.
We have the following elementary result which will be used in next sections.
Proof. Thank to the definition of A (k) , it suffices to prove that A (1) = A. By the simpleness of (A, µ, α), we have A (1) = {0}. Moreover by Lemma 3.2, A (1) is a two-sided Hom-ideal of (A, µ, α) which has no proper two-sided Hom-ideal, then
The following lemma is useful for next results.
Proof. Obvious, α(x) = 0 ∈ Ker(α) for all x ∈ Ker(α). Next, let x, z ∈ A and y ∈ Ker(α). Then α(µ(x, y)) = µ(α(x), α(y)) = µ(α(x), 0) = 0 and α(µ(y, z)) = µ(α(y), α(z)) = µ(0, α(z)) = 0. Thus µ(x, y) ∈ Ker(α) and µ(y, z) ∈ Ker(α) and it follows that (Ker(α), µ, α) is a two-sided Hom-ideal. Proposition 3.9. Let (A, µ, α) be a finite dimensional simple Hom-alternative algebra. Then the Hom-alternative algebra is of alternative type and α is an automorphism of both (A, µ, α) and its induced algebra.
Prof. By Lemma 3.8, Ker(α) is a two-sided Hom-ideal of the simple Hom-alternative algebra (A, µ, α). Therefore Ker(α) = {0} or Ker(α) = A. Since the Hom-alternative algebra is non trivial, it follows that Ker(α) = {0} and α is an automorphism. Thus, A is of alternative type( see corollary 2.7). Let (A, µ ′ = α −1 • µ) be the induced (the compatible) alternative algebra of the simple Homalternative algebra (A, µ, α). We have
i.e. α is both automorphism of (A, µ ′ ) and (A, µ, α).
As Hom-associative algebras case [25] , by the above proposition, there exists an induced alternative algebra of any simple Hom-alternative algebra (A, µ, α) and α is an automorphism of the induced alternative algebra. Moreover, their products are mutually determined. Proof. Since (A 1 , µ 1 , α) and (A 2 , µ 2 , β) are finite dimensional simple Hom-alternative algebras, they are of alternative-type. Let (A 1 , µ ′ 1 ) and (A 2 , µ ′ 2 ) be their induced alternative algebras respectively. Suppose that ϕ :
So, ϕ is an isomorphism between the induced Hom-alternative algebras.
On the other hand, if there exists an isomorphism between the induced alternative algebras
Structures of Hom-alternative algebras
In this section, we discuss about necessary and sufficient conditions for Hom-alternative algebras to be solvable, simple and semi-simple. This study is inspired by the one done in [21] . In the classical case, we already know that every simple alternative algebra is either an associative algebra or a Cayley-Dickson algebra over its center [17] , [26] . As it turns out, there is one nonassociative simple alternative algebras. Recall that the Cayley-Dickson algebras are a sequence A 0 , A 1 , · · · of non-associative R-algebras with involution. The first few are familiar: A 0 = R, A 1 = C, A 2 = H (the quaternions) and A3 = O (the octonions). Each algebra A n is constructed from the previous one A n−1 by a doubling procedure . The first three Cayley-Dickson algebras are associative and and O is the only one non-associative alternative Caylay-Dickson algebra. Alternativity fails in the higher Cayley-Dickson algebras. Basing on this fact, we will give in this section an example of non Hom-associative simple Hom-alternative algebra. First let recall the following:
. Let (A, µ, α) be a Hom-alternative algebra and I two-sided Hom-ideal of (A, µ, α). Then (A/I,μ,ᾱ) is a Hom-alternative algebra whereμ(x,ȳ) = µ(x, y) andᾱ(x) =ᾱ(x) for allx,ȳ ∈ A/I.
Proof. First, note that the multiplicativity ofμ with respect toᾱ follows from the one of µ with respect to α. Next, pickx,ȳ ∈ A/I. Then the left alternativity (1 in (A/I,μ,ᾱ) is proved as follows
Hence we get (1) for (A/I,μ,ᾱ). Similarly, we get (2) and therefore (A/I,μ,ᾱ) is a Hom-alternative algebra. Proof. It is clear that (A/Ker(α),μ,ᾱ) is a Hom-alternative algebra by Proposition 4.1 since by Lemma 3.8, Ker(α) is a two-sided Hom-ideal of A.
• If α is invertible i.e. Ker(α) = {0}, then (A/Ker(α),μ,ᾱ) = (A, µ, α) and (A/Ker(α),μ,ᾱ) is a Hom-alternative algebra of alternative type (see Corollary 2.7).
• If α is not invertible, then Ker(α) = {0}. Therefore we have to show thatᾱ is invertible on the Hom-alternative algebra (A/Ker(α),μ,ᾱ). Assume thatx ∈ Ker(ᾱ). Thenᾱ(x) =ᾱ(x) =0, i.e. α(x) ∈ Ker(α). Since α 2 = α, we have
which means that x ∈ Ker(α), i.e.x =0. If follows thatᾱ is invertible and thank to the Corollary 2.7, the Hom-alternative algebra (A/Ker(α),μ,ᾱ) is of alternative type. Proof. Let (A, µ, α) be a Hom-alternative algebra such that α is invertible. Denote the derived sequences of (A, µ ′ ) and (A, µ, α) by A (i) and A (i)
, which means that (A, µ, α) is solvable. On the other hand, assume that (A, µ, α) is solvable. Then there exists q ∈ N * such that A (q) α = {0}. By the above proof, we get A (q) α = α q (A (q) ). Note that α q is invertible since α is, then A (q) = {0} that is (A, µ ′ ) is solvable. Proof.
(1) Thank to Corollary 2.7, α is both automorphism with respect to µ ′ and µ.
Assume that A 1 is the maximal solvable two-sided ideal of (A, µ ′ ). Then there exists p ∈ N * such that A
1 ) = {0}, we obtain that α(A 1 ) is also a solvable two-sided ideal of (A, µ ′ ). Then α(A 1 ) ⊆ A 1 . Moreover
It follows that A 1 is a two-sided Hom-ideal of (A, µ, α) and then A 1 = {0} or A 1 = A since (A, µ, α) is simple. If A 1 = A, thank to the proof of Theorem 4.3, we obtain
1 ) = {0}. On the other hand, by the simpleness of (A, µ, α), we have by Proposition 3.7, A (p) α = A, which is a contradiction. It follows that A 1 = {0} and thus, (A, µ ′ ) is semi-simple. Now, by the semi-simpleness of (A, µ ′ ), we have A = ⊕ s i=1 A i where for all i ∈ {1, · · · , s}, A i is a simple two-sided ideal of (A, µ ′ ). Since there may be isomorphic alternative algebras among A 1 , · · · , A s , we can rewrite A as follows:
Therefore, all but one of A i1 ⊕A i2 ⊕· · ·⊕A im i must be equal to A. Without lost of generality, assume that
, then A 1p would be a non trivial two-sided Hom-ideal of (A, µ, α) which contradicts the simpleness of (A, µ, α) .
In addition, it is clear that
is a two-sided Homideal of (A, µ, α). Therefore
In other words, α acts simply transitively on simple ideals of the induced alternative algebra. (2) By Proposition 2.5, it is clear that (A, µ, α) is a Hom-alternative algebra.
Assume that A 1 is a non-trivial two-sided Hom-ideal of (A, µ, α), then we get
Its follows that A 1 is a non trivial two-sided ideal of (A, µ ′ ), contradiction. It follows that (A, µ, α) has no trivial ideals. If µ(A, A) = {0}, then,
which is in contradicts the fact that (A, µ ′ ) is simple. It follows that (A, µ, α) is simple. Next, we will give an example of non Hom-associative simple Hom-alternative algebra using some results about Cayley-Dickson algebras. Remark 4.8. We know in the classical case that there exits only one example of a nonassociative simple alternative algebra that is, the Cayley-Dickson algebra over its center [17] , [26] . In the Hom-algebra setting, Proposition 4.7, clearly proves that there is more than one simple non Homassociative Hom-alternative algebras. Theorem 4.9.
(1) Let (A, µ, α) be a finite dimensional semi-simple Hom-alternative algebra. Then (A, µ, α) is of alternative type and its induced alternative algebra (A, µ ′ ) is also semisimple.
is a semi-simple Hom-alternative algebra and has the unique decomposition.
Proof. (1) Suppose that (A, µ, α) is a finite dimensional semi-simple Hom-alternative algebra.Then A has the decomposition A = ⊕ s i A i where where A i (1 ≤ i ≤ s) are simple two-sided Hom-ideal of (A, µ, α). Then (A i , µ, α| A i ) (1 ≤ i ≤ s) are simple finite dimensional Hom-alternative algebras. According to the proof of Proposition 3.9, α| A i is invertible and therefore α is invertible. Thus thank to Corollary 2.7, the Hom-alternative algebra (A, µ, α) is of alternative type and its induced alternative algebra is (A, µ ′ ) with µ ′ = α −1 • µ.
On the other hand, by the proof of Theorem 4.5 (2),
is semi-simple and has the decomposition of direct sum of simple two-sided ideals
(2) We know by Proposition 2.5 that (A, µ, α) is a Hom-alternative algebra. Next, for all 1 ≤ i ≤ s, the condition α(
It follows that A i are two-sided Hom-ideals of (A, µ, α).
If there exits non trivial two-sided Hom-ideal A i 0 of (A i , µ, α), then we have
It follows that A i 0 is a non trivial two-sided Hom-ideal of (A, µ, α). Thank to the proof of Theorem 4.5 (2), A i 0 is also a non trivial two-sided ideal of (A, µ ′ ). Hence, A i 0 is also a non trivial two-sided ideal of (A i , µ ′ ) which is a contradiction. It follows that A i (i = 1, · · · , s) are simple two-sided Hom-ideals of (A, µ, α) and therefore (A, µ, α) is semi-simple and has the unique decomposition.
Proposition 4.10. Let (A, µ, α) be a Hom-alternative algebra such that α 2 = α. Then (A, µ, α) is isomorphic to the decomposition of direct sum of Hom-alternative algebras i.e.
Proof. It is clear that (Ker(α), µ, α) is a Hom-alternative algebra and thank to Proposition 4.1 since Kerf (α) is a two-sided Hom-ideal of (A, µ, α), the quotient Hom-algebra (A/Ker(α),μ,ᾱ) is a Hom-alternative algebra. Now, set A 1 = (A/Ker(α)) ⊕ Ker(α) and define µ 1 : , y) , µ(h, k)) and α 1 ((x, h)) := (α(x), 0). Then one can show that (A 1 , µ 1 , α 1 ) is a Hom-alternative algebra which is a decomposition of direct sum of alternative algebras. Next, let y ∈ Ker(α) ∩ Im(α). Then, there exists x ∈ A such that y = α(x). Moreover, we have 0 = α(y) = α 2 (x) = α(x) = y.
It follows that Ker(α) ∩ Im(α) = {0} and then A = Ker(α) ⊕ Im(α) since for any x ∈ A we have x = (x − α(x)) + α(x) with x − α(x) ∈ Ker(α) and α(x) ∈ Im(α). Now, let show that (Im(α), µ, α) ∼ = (V /Ker(α),μ,ᾱ). Note that, it is clear that (Im(α), µ, α) is a Hom-alternative algebra. Define ϕ : V : Ker(α) → Im(α) by ϕ(x) = α(x) for allx ∈ A/Ker(α). Clearly, ϕ is bijective and for allx,ȳ ∈ A/Ker(α), we have
i.e. ϕ •μ =μ • ϕ ⊗2 and ϕ •ᾱ = α • ϕ. It follows that (Im(α), µ, α) ∼ = (V /Ker(α),μ,ᾱ) and therefore V = Ker(α) ⊕ Im(α) ∼ = (A/Ker(α)) ⊕ Ker(α).
Bimodule over simple Hom-alternative algebras
In this section, we mainly study bimodules over Hom-alternative algebras of alternative type. We give a theorem about the relationship between bimodules over Hom-alternative algebras of alternative type and the ones over their induced alternative algebras. Moreover, some relevant propositions about bimodule over Hom-alternative algebras also displayed. As consequence, interesting results about bimodules over finite dimensional simple Hom-alternative algebras are given.
Definition 5.1. Let A ′ = (A, µ) be any algebra and V be a K-module.
(1) A left (resp. right) structure map on V is a morphism δ l :
2) Let δ l and δ r be structure maps on V. Then the module associator of V is a trilinear map (, , ) A,V defined as:
A bimodule over alternative algebras is given in [8] , [18] . 
such that the following equalities:
The notion of alternative bimodules has been extended to the Hom-alternative bimodules. More precisely, we get 
hold for all a, b, c ∈ A and v ∈ V where as A,V is the module Hom-associator of the Hom-module (V, α V ) defined by (1) Let A = (A, µ, α A ) be a Hom-alternative algebra of alternative type with A ′ = (A, µ ′ ) its induced alternative algebra and (V, α V ) be a Hom-alternative A-bimodule with the structure maps ρ l and ρ r such that α V is invertible. Then V is an alternative A ′ -bimodule with the structures maps δ l = α
Hom-alternative algebra. Let V be an alternative A ′ -bimodule with the structure maps δ l and δ r and
is a Hom-alternative A-bimodule with the structures maps ρ l = α V • δ l and ρ r = α V • δ r where α A is a morphism of (A, µ ′ ).
Proof.
(1) Let (V, α V ) be an alternative A-bimodule with the structure maps ρ l and ρ r such that α V is invertible. Note that the structure maps δ l = α (
said to be irreducible if it has no non trivial Asubbimodules and completely reducible if
Proposition 5.8. Let A = (A, µ, α A ) be a Hom-alternative algebra and (V, α V ) a Hom-alternative A-bimodule with the structure maps ρ l and ρ r . Then Ker(α V ) is an A-subbimodule of (V, α V ). Moreover if α A is surjective then Im(α V ) is an A-subbimodule of (V, α V ) and we have the isomorphism of A-bimodulesᾱ V : V /Ker(α V ) → Im(α V ).
Proof. Obvious, we have α V (Ker(α V )) ⊆ Ker(α V ). Next, let (v, a) ∈ Ker(α V ) × A. Then we get α V (ρ l (a ⊗ v)) = ρ l (α A (a) ⊗ α V (v)) = 0 and α V (ρ r (v ⊗ a)) = ρ r (α V (v) ⊗ α A (a)) = 0 since α V (v) = 0. Therefore Ker(α V ) is an A-subbimodule of (V, α V ). Similarly, it is obvious that α V (Im(α V )) ⊆ Im(α V )). Let (v, a) ∈ Im(α V ) × A. Then there exits v ′ ∈ V and if α A is surjective a ′ ∈ A such that v = α V (v ′ ) and a = α A (a ′ ). Therefore ρ l (a ⊗ v) = ρ l (α A (a ′ ) ⊗ α V (v ′ )) = α V (ρ l (a ′ ⊗ v ′ )) ∈ Im(α V ) and ρ r (v ⊗ a) = ρ r (α V (v ′ ) ⊗ α A (a ′ )) = α V (ρ r (v ′ ⊗ a ′ )) ∈ Im(α V ). Thus Im(α V ) is an A-subbimodule of (V, α V ).
Finally, if define the mapᾱ V : V /Ker(α V ) → Im(α V ) byᾱ V (v) = α V (v), then it is easy to prove thatᾱ V is an isomorphism. Let recall the following result from [18] which is very useful for the next result. Since the notion of completely reducible representation of A ′ , is equivalent to the notion of a completely reducible alternative A ′ -bimodule, thank to Theorem 4.9 (1) and Theorem 5.5 (1), we get the following important result.
Corollary 5.13. Let A = (A, µ, α) be a finite dimensional semi-simple Hom-alternative algebra. Then any Hom-alternative A-bimodule (V, α V ) such that α V is invertible, is is completely reducible.
